
Definitions 
Vector 
Quantity that is characterised by both magnitude and 
direction, and any object lives in a vector space. 
 

Scalar 
Quantity that is only characterised by magnitude, and does 
not depend on the orientation of the coordinate axes. 
 

Translation Invariance 
Geometric property to be unaffected by a shift of the origin 
of a coordinate system. 
 

Vector Field 
A vector that does depend on where in space it is, and has 
components that are functions of position, such as electric 
field at a point. 
 

Isotropic 
Looks the same in any direction we look. 
 

Vector Space 
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Thus, together, the scalar product is linear in 𝑨𝑨 and 𝑩𝑩. 
(commutative & be generalised to vectors of arbitrary size 
If, 𝐴𝐴𝑥𝑥 ↔ 𝐴𝐴1, 𝐴𝐴𝑦𝑦 ↔ 𝐴𝐴2, and 𝐴𝐴𝑧𝑧 ↔ 𝐴𝐴3…then 

 
 
Vector components can be accessed simply by taking the 
scalar product of the vector with the basis vectors: 

 
 

The Scalar Product also offers the simplest way to calculate 
the length of a vector: 

 
 
But, what about the geometrical interpretation of product?  
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- Subtraction 
𝑅𝑅𝑒𝑒(𝑧𝑧 − 𝑤𝑤) = 𝑅𝑅𝑒𝑒(𝑧𝑧) − 𝑅𝑅𝑒𝑒(𝑤𝑤) = 𝑥𝑥 − 𝑥𝑥′ 
𝐼𝐼𝐼𝐼(𝑧𝑧 − 𝑤𝑤) = 𝐼𝐼𝐼𝐼(𝑧𝑧) − 𝐼𝐼𝐼𝐼(𝑤𝑤) = 𝑦𝑦 − 𝑦𝑦′ 

 
𝒛𝒛 − 𝒘𝒘 = (𝒙𝒙 + 𝒊𝒊𝒚𝒚)− (𝒙𝒙′ + 𝒊𝒊𝒚𝒚′) = (𝒙𝒙 − 𝒙𝒙′) + 𝒊𝒊(𝒚𝒚 − 𝒚𝒚′) 

 
o 𝒛𝒛 − 𝒘𝒘 corresponds to the vector  𝒛𝒛�⃗ − 𝒘𝒘���⃗ , joining 

the endpoint of  𝑧𝑧 to the endpoint of  𝑤𝑤��⃗ . 
 

- Multiplication 
𝑅𝑅𝑒𝑒(𝑧𝑧𝑤𝑤) = 𝑅𝑅𝑒𝑒(𝑧𝑧)𝑅𝑅𝑒𝑒(𝑤𝑤) − 𝐼𝐼𝐼𝐼(𝑧𝑧)𝐼𝐼𝐼𝐼(𝑤𝑤) = 𝑥𝑥𝑥𝑥′ − 𝑦𝑦𝑦𝑦′ 
𝐼𝐼𝐼𝐼(𝑧𝑧𝑤𝑤) = 𝑅𝑅𝑒𝑒(𝑧𝑧)𝐼𝐼𝐼𝐼(𝑤𝑤) + 𝐼𝐼𝐼𝐼(𝑧𝑧)𝑅𝑅𝑒𝑒(𝑤𝑤) = 𝑥𝑥𝑦𝑦′+ 𝑦𝑦𝑥𝑥′ 

 
𝒛𝒛𝒘𝒘 = (𝑥𝑥 + 𝑖𝑖𝑦𝑦)(𝑥𝑥′ + 𝑖𝑖𝑦𝑦′) = 𝑥𝑥𝑥𝑥′ + 𝑖𝑖𝑥𝑥𝑦𝑦′ + 𝑖𝑖𝑦𝑦𝑥𝑥′ + 𝑖𝑖2𝑦𝑦𝑦𝑦′ 

= 𝒙𝒙𝒙𝒙′ − 𝒚𝒚𝒚𝒚′ + 𝒊𝒊(𝒙𝒙𝒚𝒚′ + 𝒚𝒚𝒙𝒙′) 
 
(This is just our ⊠ operation between vectors. 
 
• The multiplication is distributive with respect to addition: 

𝒛𝒛(𝒘𝒘 + 𝒖𝒖) = 𝒛𝒛𝒘𝒘 + 𝒛𝒛𝒖𝒖 
 

- Other Properties 
o 𝝀𝝀𝒛𝒛 = 𝝀𝝀𝒙𝒙 + 𝒊𝒊(𝝀𝝀𝒚𝒚) – corresponding vector still keeps its 

direction and has its length expanded/contracted by 
a factor of 𝜆𝜆. 

  
o If 𝒛𝒛𝒘𝒘 = 𝟎𝟎, then 𝑧𝑧 = 0 or 𝑤𝑤 = 0. 
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For a Homogenous System: 
 If the determinant ≠ 0, then system only has the trivial 

solution 𝑥𝑥1 = 𝑥𝑥2 = 𝑥𝑥3 = 0. 
 If the determinant = 0, then system has an infinite 

number of colinear solutions. 
 

a) When 3 planes have 
normal vectors which are 
non-coplanar, only 
solution is the trivial one. 
 
 
b) When 3 planes have 
normal vectors which are 
coplanar, their 
intersection is a line – 
infinite solutions. 
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