
Definitions 
Outcome 
A single observation/realisation of a random process. 
 

Sample Space 
A set of all possible outcomes of an experiment. 
 

Event 
Any subset of a sample space. 
 

Union (𝑨𝑨 ∪ 𝑩𝑩) 
The set of outcomes that belong to at least one of A or B, or 
both. 
 

Intersection (𝑨𝑨 ∩ 𝑩𝑩) 
The set of all possible outcomes that belong to both A and B. 
 

Complement (𝑨𝑨𝒄𝒄) 
The 𝐴𝐴𝑐𝑐  of an event A is the set of all outcomes that are not in A. 
 

Mutually Exclusive (𝑷𝑷(𝑨𝑨 ∩ 𝑩𝑩) = 𝟎𝟎) 
A and B are said to be this if they have no outcomes in 
common i.e., if A and B cannot occur together. 
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5.  Form 𝑝𝑝 dimensionless Π terms, and double-check that all 
the Π terms you obtained are dimensionless. 

6. Express your result in the form: Π1 = 𝑓𝑓(Π2,Π3, … ), where Π1 
contains the independent variable. 

Dimensionless Constants 
• “dimensionless”-independent of units of other variables. 
• “constant”-value is independent of other variables. 
• Universal. 
• Can be approximated by crude experiments. 

 
Dimensional Analysis does not compute dimensionless 
constants, but it says that if you compute it for one scenario, 
then you know it for all scenarios, e.g. – 𝜋𝜋 [Universal Constant] 
 Through experiments, they can be computed. 

Dimensionless Groups 
• “dimensionless”-has no dimensions. 
• “group”-combines one or more variables. 
• Can be written in terms of dimensionless quantities. 

 
Dimensionless Quantities are the building blocks of physical 
law; pure numbers that are the same in every unit system. 

- Natural representation for physical laws. 
- Write eq. in universe-friendly, dimensionless form. 

 
𝑨𝑨~𝑩𝑩 

𝐴𝐴 and 𝐵𝐵 share the same dimensions, 
but differ by a dimensionless factor. 
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- The SIR Model 
One of the standard models of (communicable) disease spread. 
 Suppose we have some Epidemic (Ebola, Covid-19, etc.) 
 Would like a model that can reliably predict certain 

aspects abut when we can expect infection peak, etc. 
 Information obtained in this manner can then inform 

course of action – quarantines, lockdowns, etc. 
 
S: Susceptible 
 Before the pandemic starts, there is group who are at risk. 
 Has not caught disease yet, but they might. 
 Assumption: either gets infected, or remains susceptible. 
 
I: Infected 
 Number of people who are currently infected. 
 Communicable: spreads from infected to the susceptible. 
 May remain infected, or may be moved. (recovery/death) 
 
R: Recovered/Removed 
 People who have recovered/died from the disease. 
 Assumption: cannot be re-infected again; immune. 
 Further assumption: total deaths from disease are 

negligible with respect to the total population. 
 
𝑆𝑆, 𝐼𝐼 and 𝑅𝑅 are continuous functions of time 𝑣𝑣. 
o They change as the pandemic goes on. 
o Generally, start of pandemic 𝑣𝑣 = 0. 
o Initial values: 𝑆𝑆(0), 𝐼𝐼(0) and 𝑅𝑅(0). 

For a communicable disease: 𝐼𝐼(0) > 0 
 Otherwise, no disease spread. 
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Non-Linear 
Dynamics 

Introduction 
1. Understanding what a dynamical system is. 
2. Knowing how to write the maths of a dynamical system. 
3. Knowing how to understand the interactions of dynamical 

systems through quantitative and qualitative means. 
 

Exponential Growth 
𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝑘𝑘𝑑𝑑(𝑡𝑡) 

o The rate of change of population (𝑑𝑑) with time is 
proportional to the population that you have at that time. 

 
Logistic Equation 

𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝑘𝑘𝑑𝑑(𝑡𝑡)�1 −
𝑑𝑑(𝑡𝑡)
𝑀𝑀

� 

o 𝑀𝑀 is a carrying capacity, related to the max. size of 
population that the environment can sustain. 

 
Pendulum 

𝑑𝑑2𝜃𝜃(𝑡𝑡)
𝑑𝑑𝑡𝑡2

= −
𝑔𝑔
𝑙𝑙

sin (𝜃𝜃(𝑡𝑡)) 

o Relates the acceleration of the angle to the angle itself. 
o The rate of change of angular velocity related to how far 

from the lowest position the pendulum is. 
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Fixed Points are sometimes called “Equilibrium Solutions” / 
“Steady-State Solutions” / “Constant Solutions”. 
 

Linear Stability Analysis 
�̇�𝒙 = 𝒇𝒇(𝒙𝒙) 
𝒙𝒙(𝒕𝒕) = 𝒙𝒙∗ + 𝜼𝜼(𝒕𝒕) 
�̇�𝒙(𝒕𝒕) = �̇�𝜼(𝒕𝒕) 
Sub: 𝒇𝒇(𝒙𝒙∗ + 𝜼𝜼) 
𝒇𝒇(𝒙𝒙∗ + 𝜼𝜼) = 𝒇𝒇(𝒙𝒙∗) + 𝜼𝜼𝒇𝒇′(𝒙𝒙∗) + 𝑶𝑶(𝜼𝜼𝟐𝟐) 
Since 𝑜𝑜(𝑥𝑥∗) = 0, 𝒇𝒇(𝒙𝒙∗ + 𝜼𝜼) = 𝜼𝜼𝒇𝒇′(𝒙𝒙∗) + 𝑶𝑶(𝜼𝜼𝟐𝟐) 

�̇�𝜼(𝒕𝒕) = 𝜼𝜼(𝒕𝒕)𝒇𝒇′(𝒙𝒙∗) 
 
 
 𝑂𝑂(𝜂𝜂2) is read as “terms of order 𝜂𝜂2”. 
 Small compared to the second term as long as 𝜂𝜂 is small. 
 We ignore these; simply to remind that we have thrown 

away higher order terms due to the approximated. 
 This approximation is only true close to the Fixed Points. 
 

𝑜𝑜′(𝑥𝑥∗) is just a constant. 

Solution: 𝜂𝜂 = 𝜂𝜂0𝐷𝐷𝑓𝑓
′(𝑥𝑥∗)𝑡𝑡 

 If you start off with a small perturbation away from 𝑥𝑥∗ then if 
𝑜𝑜′(𝑥𝑥∗) > 0, this perturbation will grow exponentially. 
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Imperfect Bifurcations and Catastrophes 
What about multiple parameters? 

 
Remember: Supercritical Pitchfork Bifurcation 

�̇�𝑥 = 𝐷𝐷𝑥𝑥 − 𝑥𝑥3    ⇒    𝑉𝑉(𝑥𝑥) = 𝑥𝑥4 − 𝐷𝐷𝑥𝑥2 

 
(Imagine a ball in some honey) 

 
Fixed Points are… 

• Local Minima and Maxima of 𝑉𝑉(𝑥𝑥). 
• Zeroes of �̇�𝑥. 

 
There is a perfect symmetry to these Potentials: 
 𝑥𝑥 → −𝑥𝑥: Reflecting around the vertical axis. 
 With the original DE, then 𝑥𝑥 → −𝑥𝑥 leaves exactly the same, 

which tells you that this is a symmetry. 
 

We can add a term which will break that symmetry: 
�̇�𝒙 = 𝒉𝒉 + 𝒓𝒓𝒙𝒙 − 𝒙𝒙𝟑𝟑 

𝑽𝑽(𝒙𝒙) =
𝟏𝟏
𝟒𝟒
𝒙𝒙𝟒𝟒 − 𝒓𝒓.

𝟏𝟏
𝟐𝟐
𝒙𝒙𝟐𝟐 − 𝒉𝒉𝒙𝒙 

 
(No symmetry with 𝑥𝑥 → −𝑥𝑥.) 

 
Fixed Points in the 2D Parameter Space of (𝐷𝐷, ℎ) 
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