
Chapter 1

Elementary Mechanics

This chapter reviews material that was covered in your first-year mechanics course – Newtonian
mechanics, elementary gravitation, and dynamics of systems of particles. None of this material
should be surprising or new. Special emphasis is placed on those aspects that we will return to
later in the course. If you feel less than fully comfortable with this material, please take the time
to review it now, before we hit the interesting new stuff!

The material in this section is largely from Thornton Chapters 2, 5, and 9. Small parts of it
are covered in Hand and Finch Chapter 4, but they use the language of Lagrangian mechanics that
you have not yet learned. Other references are provided in the notes.
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1.2. GRAVITATION

One of the primary advantages of using the gravitational potential is to greatly simplify
calculations. The potential is a scalar quantity and thus can be integrated simply over
a mass distribution. The gravtiational field or force is of course a vector quantity, so
calculating it for extended mass distributions can become quite complex. Calculation of
the potential followed by taking the gradient ~g = −~∇Ψ is usually the quickest way to solve
gravitational problems, both analytically and numerically.

Newton’s iron sphere theorem

Newton’s iron sphere theorem says that the gravitational potential of a spherically symmetric
mass distribution at a point outside the distribution at radius R from the center of the
distribution is is the same as the potential of a point mass equal to the total mass enclosed
by the radius R, and that the gravitational field at a radius R depends only on mass enclosed
by the radius R. We prove it here.

Assume we have a mass distribution ρ(~r) = ρ(r) that is spherically symmetric about the
origin. Let ri and ro denote the inner and outer limits of the mass distribution; we allow
ri = 0 and ro → ∞. We calculate the potential at a point P that is at radius R from the
origin. Since the distribution is spherically symmetric, we know the potential depends only
on the radius R and not on the azimuthal and polar angles. Without loss of generality, we
choose P to be at R ẑ. The potential is

Ψ(P = R ẑ) = −G
∫
V
d3r

ρ(r)
|R ẑ − ~r|

Obviously, we should do the integral in spherical coordinates as indicated in the sketch
below.
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Chapter 2

Lagrangian and Hamiltonian
Dynamics

This chapter presents Lagrangian and Hamiltonian dynamics, an advanced formalism for studying
various problems in mechanics. Lagrangian techniques can provide a much cleaner way of solving
some physical systems than Newtonian mechanics, in particular the inclusion of constraints on the
motion. Lagrangian techniques allow postulation of Hamilton’s Principle of Least Action, which
can be considered an alternative to Newton’s second law as the basis of mechanics. Symmetry under
transformations is investigated and seen to lead to useful conserved quantities. The Hamiltonian
formalism is introduced, which is useful for proving various important formal theorems in mechanics
and, historically, was the starting point for quantum mechanics.
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Chapter 3

Oscillations

Oscillations are a physical phenomenon seen in a wide variety of physical systems. They are
especially important in that they describe the motion of a system when perturbed slightly from
an equilibrium. We work through the basic formalism of simple linear oscillations, both natural
and driven, consider coupled oscillating systems and show how to decompose them in terms of
normal coordinates, and apply the theory to oscillations of continuous systems to introduce wave
phenomena.
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Chapter 4

Central Force Motion and Scattering

The problem of the motion of two bodies interacting via a central force is an important application of
Lagrangian dynamics and the conservation theorems we have learned about. Central forces describe
a large variety of classical systems, ranging from gravitationally interacting celestial bodies to
electrostatic and nuclear interactions of fundamental particles. The central force problem provides
one of the few exactly solvable problems in mechanics. And central forces underly most scattering
phenomena, again ranging from gravitational to electrostatics to nuclear.

This chapter is rather short, covering the material in Chapter 4 of Hand and Finch with some
additional material from other sources (Thornton, Goldstein).
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Chapter 5

Rotating Systems

We have not yet seriously studied dynamics of rotating systems. The subject breaks down into two
topics: dynamics in rotating (and hence non-inertial) coordinate systems, and dynamics of rotating
bodies in inertial coordinate systems. We must develop the theory of rotations first, which provides
a language to use for discussing these two topics.
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5.2. DYNAMICS IN ROTATING COORDINATE SYSTEMS

Thus, in the strict sense of the definition of a vector as a set of quantities that obey a specific
set of transformation rules, the set of numbers d

dt ~r(t) and the set of numbers d
dt ~r

′(t) are not
different coordinate representations of the same vector, but really they are representations
of different vectors! They are different vectors because the time derivatives are referenced
to different coordinate systems. When discussing rotating systems, time derivatives must in
general be specified relative to a particular frame. Hand and Finch and other texts use the
notation |body and |space to make the distinction. We will write write ~vbody for the coordinate
representation of d

dt ~r in the rotating frame and ~v ′space for the coordinate representation of
d
dt ~r

′ in the non-rotating frame.

It would be consistent for ~vbody and ~v ′body = R~vbody to refer to the two coordinate represen-
tations of the vector given by measuring the velocity of the particle relative to the rotating
frame, and for ~v ′space and ~vspace = RT~v ′space to refer to the coordinate representations of the
vector given by measuring the velocity of the particle relative to the non-rotating frame.
Hand and Finch actively make use of symbols analogous to ~v ′body and ~vspace (their equiv-
alents are v|′body and v|space). We feel this is confusing because the concepts implied by
these symbols are nonphysical and nonintuitive: one cannot measure the components of the
coordinate representation ~v ′body because the vector ~vbody is fundamentally a rotating-frame
quantity. One obtains ~v ′body only through a mathematical transformation of the measured
components ~vbody. And similarly for the relation between ~v ′space and ~vspace. We will keep
the rotation matrices explicit and never use ~v ′body and ~vspace.

Given the above, we rewrite our original equation as

~v ′space(t) = Ṙ(t) [R(t)]T ~r ′(t) + R(t)~vbody(t) (5.1)

Finally, we note that the use of the |body and |space symbols in conjunction with derivatives
is somewhat subtle. For example, we do not write ~v ′space = d

dt ~r
′∣∣
space

. ~r ′ is the non-

rotating frame coordinate representation of ~r, so writing d
dt ~r

′∣∣
body

would make no sense at

all. The derivative d
dt ~r

′ must be a derivative with respect to the non-rotating frame. On
the other hand, if we use the coordinate-free notation d

dt ~r, then we must indeed specify
|body or |space because no coordinate representation is implied. So, we will see the |body and
|space designators in some places and not in others.

Rewriting Using Instantaneous Angular Velocity

If ~vbody vanishes and the motion is simple rotational, we expect ~v ′space(t) = ~ω ′ ×~r ′(t). We
shall see that we can rewrite the above using this form for more generic circumstances.
There are two ways to see this:

• Indirect method (à la Hand and Finch)
First, we show that the matrix Ṙ(t) [R(t)]T is antisymmetric. R is orthogonal, so
RRT = I. If we take the time derivative, we find

ṘRT + RṘ
T

= 0

ṘRT = −
(
ṘRT

)T
The last line indicates the matrix ṘRT is antisymmetric.
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Chapter 6

Special Relativity

We present the special theory of relativity, derive the transformation rules for various physical
quantities, display the analogy between these transformations and rotational transformations, and
explore dynamics in relativistic situations.
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Appendix B

Summary of Physical Results

This appendix contains relations that have been assumed or proven and that arise from physical
considerations.

B.1 Elementary Mechanics

Newtonian Mechanics

Newton’s Second Law

In an inertial reference frame, the rate of change of the momentum of a particle is determined by
the total force on the particle:

d~p

dt
= ~F (B.1)

Newton’s Third Law

weak form
The forces exerted by two particles a and b on each other are equal in magnitude and opposite in
direction. That is, if ~fab is the force exerted on particle a by particle b, then

~fab = −~fba (B.2)

strong form
In addition to the above, the force between the two particles a and b is a function of only the
difference in the two particles’ positions and is directed along the vector between them:

~fab = fab(rab) r̂ab (B.3)

where r̂ab = ~rab/|~rab| and ~rab = ~ra − ~rb. That is, the force is a scalar function of the magnitude of
the position difference and is directed along r̂ab. The mathematical form may seem like a stronger
statement than the verbal form. But such a dependence implies the force must be directed along
r̂ab. The remaining dependence on ~rab must therefore be a scalar, and the only nonzero scalar that
can be formed from ~rab is rab, so the scalar function fab must only be a function of rab.
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