Functions of two and three variables,
1. Teview: When the derivate wrt one variable is taken, the other variables are treated as constante.
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3. the chain rule: To Find the rate of change of the olepenolent variable wrt the inalepenalen’r variable. travel down

all paths from the olepenolenr variable 1 the incleperclent variable. by faking pautial deivatives or oleviuaﬁms.mulﬁpl\q

all dervatives | partial derivatives along each path and add these products.
22 (W) U=Ueny and V=V(K,y).
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3. implicit differentiation. L "

Given Junction: F (x.4) =0, 4 g ii' i B
Given function: F (3,y.2)=0 & 'é? XY - and B FY

4. grodient and diectional derivatives. | |
The gradient of the function Ftx.y> at (1o 4odis TF (ho 4o) = (Fa. 4| ey, |
The gradient of the funcrion $x.y.2) at (Reyo.3) is Vf (n0.4o. 290+ (Fa.y. 12| the,Yo.202.
e.g. Given a surfoce z-%-y. Find Va1, R
%‘R‘w 20 §§‘—l V2 (Lo =, %ﬁ)l(l.zﬁ (2%, bl = @D,

L} Risa vecnr tangent to the level curve f at (a.go) then VF(%o,yo) =0,
I} @5 any unit vedor. the directional derivate of § at (%o.4o) in the direction of T, given by D@fhon) = V] the.yo- W

measures the rate of change of § at (%e.Yo) as (a.y> Moves Jrom (%o, Yo) in the ditection of .
eg- Find the directiona) derivative of fiag = 5-x'+¢> at the point LL1).n the direction of 13. -4,

g ki
3 -0l= J3° +40 =5+ 5

el Vilaw: Fagglon = -2n2plan = (-3.3)
Dafum = - (5 E) =g 52 -2 -g-Ee- 2
Beause PTf(%o.yor= VF (ho.yo) = [IVF (50,9211 1| B cosB: (2) The direction of mazimum change in a undion §(a.y)

at-a point [0, yo)i5 the direction of the gradient vector ¥ F(x0,4o). The mazimum change is 11 V}xo.yoll. 1), The difection of
maximum negative ohT@e ina )‘Tcﬁon fux.y at a point (0.4o) i5 the direction of - V3 (0. ye).

B: O;Srtmisah’on. Hy=|{sn Jny

Jyn duy
To find and dassify ciifical points. = solve V=0 = crifical pointis) (oye) = substitute [xo.Yo> into Hesian of 7.

I} det R} (xo.99) >0 and Jan(%0.4o)>0, then @ minium.
13 det HJ (ho. go) €0 and Jax(%o.Y)<0. then a mazimum.
1} det Hj (ho.yn <0 then a saddle point.

6. Constrained optimisation - Lagrange Multi pliers.
To find the maximumand minimum of the Junction T1%.4 subject o the anstraint, §(x.y)=0:



1 Find the points (%) which SatisTy the equations Vj=AVg
frmy = Agaok.g -
{ Ty k= AQy (huy)
quay = 0
2 Evaluate 1 (a.y 1o find if 11' manimum or minimum. |
I fu y- ) asels sublert to two anstraints . V- AVg ravh. 9ix.y.):0 and hta, g 2):0,

Sequenres and serles. -

" sequences

Geometrle sequence ™. when o¢r<l lim,r" =0 when -1<1<0 limr=0.; when-r=], limr?<1 ;when re-lor r 1. limi PRE.
Limit taking techniques: Suppwe two sequentes Gn and bn wnverge and kis o constant.

fim.kan = & lim Qn

hm(dntbn) . hm Qn + lim bn.

rle [nxbn) = Hm ) )\r}(m bn.

Squeezing theorem: i f Ln<0n <Cn anﬂnmbn li Cn = L. then r!"" (n = L luseful in sequences muolvmg sincn.cos (). (-H")
L' R& pital’s rule: ased to find the limits of lngetermma're Jorms such a8 5~ %~ 0Xoe, ba-%, 0% 5% 1%,

(1) If necessary, reana ge expression Into the ‘g(%)l form sv thar }Lm%(% becomes %01 5

. : ! :
Note: llmn’rs of po@nomlal framans I:m g'“l—*"‘“‘““- = 'g'f R=l;-0 it Rl i 0 if koL,
I} the sequenm has indeferminate 1orm 0%, w°or 1% : find Jim InQn=b, then hm an:=e’

Jim
eg Ilm nwa Jim lnn® = Jim 0= hm g = lim -’£—~ hm A 2 0 Hence hmn" %1,
Noto that n general hm (1 ;@’" g% "™

k. Series

1

Geometric series: afir" Note: (1) the Starting lnolex for geome‘rncsenes i50. (&) T=

7 = o, constant ratio (3)a=first ferm.
gior" z 'LT.S" hm ‘J—L "l—-r if Irl<I or otherwise dwerg&s

Rafio test for monvergence :
{or s n, if hm[ Gn , <1.the Series oonuefges 7 7 1. the series J:uerges i = 1.inconclusive.

Nofe the exyecnon hyperharmonic or p-series z: e 75 anvergent if and only if p>1.
3. Taylor polgnommls The Taylor po@nomta] of je\qfee R for '[ n o.bout a point ¢ is the pokjno

ial pi(x of degree kéuch
that prixI< 10 {10 (-0 + fro B 1.+ f Vo LagE. SWE' —fk—“’*r“’-
When ¢=0. the Mateu Maclaurn Pownomlal of Jegreek Piin =

}‘ro)+1 lo)m t4 0 & LJ—“‘?L
- Tc\glor series : The Taylor series of o. function + about the center ¢ is PN j_m“
When c= 0, Toly Taglor series becomes the Maclawin seris.
Both the Taglor series and the Maclaunn Serles afe power series.
A power series L Qn(3-0" = ZMn is convergent  when hm | <1
Taylor seties from knoun formalae. B - ‘@rlbg seloing For a and b) = g’:; (bn)". when =0

BT * TG ( by SO'UW {or aandb) =0 ;F_.Ebm C)J"whencto
e* centred at ¢ =e¢ L b=



